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1. Introduction 

The investigation of obstruction spaces plays a fundamental role in the 
study of deformation theory and moduli spaces. For instance, the obstruc- 
tion theory is used to determine the dimension of moduli spaces or the 
virtual fundamental class (see, for example, [2], [3], [3], [9], [II])- From the 
local point of view, given an infinitesimal deformation of a geometric object, 
we would like to know whether it is possible to extend this deformation or 
not. The idea is to consider the same problem of extension for the associ- 
ated deformation functor. More precisely, let F : Art — > Set be a functor 
of Artin rings, i.e., a covariant functor from the category Art of local Ar- 
tinian C-algebras (with residue field C) to the category Set of sets, such 
that F(C) = {point}. 

A (complete) obstruction space for F is a vector space V, such that, for 
each small extension — > J — > B — > A — > in Art and each element 
x £ F(A), there exists an obstruction element v x G V, associated with x, 
that is zero if and only if x can be lifted to F(B). 

Since this space controls the liftings, we would like to describe it, as well 
as possible, and know whether the associated obstruction element is zero or 
not. In general, we just know a vector space that contains the obstructions 
but we have no explicit description of which elements of the vector space 
are actually obstructions. For example, if W is another vector space which 
contains V, then also W is an obstruction space for F. 

In [B], B. Fantechi and M. Manetti proved the existence of the "smallest" 
obstruction space for functors associated with deformations of geometric 
objects. More precisely, they proved the existence of the universal obstruc- 
tion space for deformation functors, i.e., functors of Artin rings satisfying 
Schlessinger's conditions (Hi) and a stronger version of (#2) (see pQ Theo- 
rem 2.1] and also [8, Lemma 2.11 and Theorem 6.11]). 

Since it is quite difficult to determine all the obstruction space, the idea is 
to start from studying some special and easier obstructions. In this setting, a 
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very useful tool is the result known as Ran-Kawamata T -lifting theorem: if 
the functor is pro-representable and if it has no "curvilinear obstructions", 
then the functor has no obstructions at all. Recall that the curvilinear 
obstructions are the ones arising from the curvilinear extensions 



This theorem was generalized by B. Fantechi and M. Manetti: if F is a 
deformation functor, then F has no obstructions if and only if F has no 
curvilinear obstructions [U Corollary 6.4]. 

Thus, in some cases, this result guarantees that it is enough to study the 
curvilinear obstructions to determine the obstruction space. More precisely, 
if the curvilinear obstructions vanish, then all the obstructions are zero. 

A fundamental fact to note is that the curvilinear obstructions do not 
generate the obstruction space. Therefore, if these obstructions do not van- 
ish, we have no enough information to determine the obstruction space [14| 
and Example 5.7 (1)]. 

In the case of infinitesimal deformations of complex compact manifolds, an 
obstruction space is the second cohomology vector space H 2 (X,Qx) of the 
holomorphic tangent bundle ®x of X. If X is also Kahler, then A. Beauville, 
H. Clemens [B] and Z. Ran [TS] [2U] proved that the obstructions are con- 
tained in a subspace of H 2 (X, Qx ) defined as the kernel of a well defined 
map. This is the so-called "Kodaira's principle" (see, for example, [B, The- 
orem 10.1], [TBI Corollary 3.4], [TTJ1 Corollary 12.6], [El Theorem 0] or [201 
Corollary 3.5]). 

In the case of embedded deformations of a submanifold X in a fixed man- 
ifold Y, the obstructions are naturally contained in the first cohomology 
vector space H (X, Nx\y) °f the normal bundle Nx\y of X in Y. In this 
case too, if Y is Kahler, then it is possible to define a map on H l (X, Nx\y)i 
called the "semiregularity map", whose kernel contains the curvilinear ob- 
structions. The idea of this map is due to S. Bloch [3j. Thus, if we can 
prove that this map is injective, then we conclude that the deformations are 
unobstructed. 

Recently, M. Manetti studied these deformations using the differential 
graded Lie algebras (DGLAs for short) and he proved that the semiregularity 
map annihilates all obstructions [18, Theorem 0.1 and Section 9]. 

Therefore, even if this map is not injective, we have a control on the 
obstruction space, i.e., it is contained in the kernel of the map. 

Inspired by this work, we follow the approach via DGLA, to study the 
obstructions to infinitesimal deformations of holomorphic maps of complex 
compact manifolds. In [TT], E. Horikawa proved that the obstructions to 
the deformations of / : X — > Y, with fixed codomain, are contained in the 
second cohomology vector space H 2 (C't) of the cone Cj^, associated with 

the complex morphism /* : A°^*(@x) — > A° x * (/*0y). 

Using the approach via DGLAs, we can give an easy proof of this theorem 
(Proposition 14. 6p and, furthermore, we can improve it in the case of Kahler 
manifolds. Our main result is the following theorem (Corollary I4.14p . 
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Theorem. Let f : X — > Y be a holomorphic map of compact Kdhler 
manifolds. Let p = dimY — dimX . Then, the obstruction space to the 
infinitesimal deformations of f with fixed Y is contained in the kernel of the 
map 

a : H 2 (C f J — > H p+1 (Y,tiY~ 1 ). 

In the case of an inclusion X Y, the previous map reduces to Bloch's 
semiregularity map. We remark that this map annihilates all obstructions. 

In [3J, R.-O. Buchweitz and H. Flenner studied deformations of coherent 
modules and, as a particular case, deformations of holomorphic maps. They 
used very different techniques and they also produced a semiregularity map 
U Theorem 7.23], but they didn't explicitly state that their map annihilates 
all obstructions (and not merely the curvilinear ones). 

Acknowledgments. It is a pleasure for me to show my deep gratitude 
to the advisor of my PhD thesis Prof. Marco Manetti, an excellent helpful 
professor who supports and encourages me every time. I'm indebted with 
him for many useful discussions, advices and suggestions. Several ideas of 
this work are grown under his influence. The first draft of this paper was 
written at the Mittag-Leffler Institute in Stockholm, during the special year 
on Moduli Spaces. I am very grateful for the support received. I am lalso 
grateful to the referee for improvements in the exposition of the paper. 

2. Notation 

We will work on the field of complex number C and all vector spaces, 
linear maps, tensor products etc. are intended over C. 

If A is an object in Art, then tua denotes its maximal ideal. 

Unless otherwise specified, by a manifold we mean a compact, (complex) 
connected and smooth variety. 

Given a manifold X, we denote by Qx the holomorphic tangent bundle, by 
A v x the sheaf of differentiable (p, q r )-forms on X and by A v x = T(X, A p x ) 
the vector space of its global sections. More generally, A x q (@x) is the 
sheaf of differentiable (p, g)-forms on X with values in Qx and A x q (Qx) = 
T(X, A p x {®x)) is the vector space of its global sections. 

Finally, by a map / : X — > Y we always mean a holomorphic morphism 
of (complex compact) manifolds and we denote by /* and /* the induced 
maps, i.e., 

r ■■ A™{Q Y ) — ► A x q (f*Q Y ) and /, : A x q (Q x ) — > A™(J*&y). 
The cone C'* is the complex (C'*,D) with 

C% :=A\ i {T x )®A x i -\rT Y ) 

and 

D : Cj t — ► C}+\ 
(l,n) i y (dl,U(l)-dn) G A x t+1 (Tx)eA x l (f*T Y ). 
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3. The semiregularity map 

Let / : X — > 7 be a map of Kahler manifolds, n = dimX and p = 
dimY — dimX. Let H be the space of harmonic forms on Y of type 
(n + 1). By Dolbeault's theorem and Serre's duality, we have H v = 

(H n ~ 1 (Y^ +1 )Y = HP+ x {Y^ V y 1 ). 

Using the contraction j of vector fields with differential forms, for each 
uj € H, we can define the following map 

A° J f(te Y )^A n / +n -\ 
M<t>tx) = 4>r(xM e 4 P+ "" 1 v <f>f* x € A°/(re Y ). 

It can be proved (see Lemma f4.7p that if f*u> = 0, then the following diagram 

A x \f*Q Y )^^A n / +n ~ 1 
/* 

A° x *(& x ) -0 

is commutative. Thus, for each u>, we get a morphism 

H^ Cf J — > H n (x,n x ), 

which, composed with the integration on X, gives the semiregularity map 

a : ff 2 (c>J — ► J ff p+1 (y,fi?r 1 ). 

If / is the inclusion map X ^ Y, then H 2 (C f J = H X (X, N x \y), where 
N X \ Y is the normal bundle of X in 1". In this case, the previous map a 
reduces to Bloch's semiregularity map (see [3] or [181 Section 9]), i.e., 

a : H\X,N X \ Y ) ^ H^iY^y 1 ). 

Example 3.1. Let S be a K3 surface. Then, the canonical bundle is trivial, 
e s = n^, q(s) = dimH l (S, O s ) = and p g (S) = dimH 2 (S, O s ) = 1. 

Let / : C — > 5 be a non constant holomorphic map from a smooth 
curve C in S (the differential /* : Gc — > is non zer ° a t the generic 

point). If we consider the deformation of /, with fixed codomain S, then 
the semiregularity map 

a:H 2 {C f J — > H 2 (S,O s )=C 

is surjective. Indeed, let Nf be the cokernel of /*, i.e., 

&c ^ f*®s ^N f ^0. 
The hypothesis on /* implies that the sequence 

o^e c A f*o s ^N f ^o 

is also exact. Therefore, H l {C,Nf) = i? l+1 (C^), for each i > 0, and the 
induced map 

is surjective. 

Consider the pull-back /T^ — > Uq and denote by C and A the kernel 
and the cokernel, respectively, i.e., 
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A 












0. 



By hypothesis on /, A is a torsion sheaf and so H (C, A) = 0. Therefore, 
H X {C,K) — ► H x (C,Sl\j) is surjective. 

Moreover, H 2 {C,C) = and so H^CJ*^) — > JET 1 ^) is surjective. In 
conclusion, the induced map 



Nowadays, the approach to deformation theory via DGLAs is quite stan- 
dard (see for example [5], [15], [T7]). 

In [18], M. Manetti used the DGLAs to study the obstructions of the 
inclusion map and Bloch's semiregularity map. 

Inspired by his work, we also prove our main theorem using the DGLAs 
and, in particular, the techniques developed in [12] and [13]. 

For reader's convenience, we recall the main results of these papers. 

To study deformations of holomorphic maps via DGLAs, it is convenient 
to define a deformation functor associated with a pair of morphisms of 
DGLAs. More precisely, let h : L — > M and g : N — > M be morphisms of 
DGLAs, with M concentrated in non negative degrees, i.e., 




4. Proof of the main Theorem 



L 



h 



N — 9 -+ M. 

Then, the deformation functor associated with the pair (h, g) is 




Def (M (A) 



MC (M (A) 



gauge 



where 



MC (h>g) (A) = {(x,y,e p ) G (L 1 <g> m A ) x (N 1 ® m A ) x exp(M° m A )\ 
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dx + -[x,x] = 0, dy+ ^[y,y] = 0, g(y) = e p * h(x)}, 

and the gauge equivalence is induced by the gauge action of exp(L° X 
exp(A r ° <g> tua) on MCrt 5 )(i), given by 

(e a , e 6 ) * (x, y, e p ) = (e a * x, e b * y, e^Ve"^). 
Let (Cj-i g ),D) be the differential graded vector space with 



J (h,g) 



and n, m) = (cZZ, (in, —dm — g(n) + h(l)). 



Then, the tangent space of Def(^ 9 ) is H l (C'^ hg ^) and the obstruction space 
of Def(h jff ) is naturally contained in H 2 (C', hg \) [T2l Lemma III. 1.19] or [131 
Section 4.2]. 

Lemma 4.1. Let h : L — > M and g : N — > M be morphisms of abelian 
DGLAs. Then, the functor MC^ i9 ) is smooth, that is, it has no obstructions. 

Proof. See p21 Lemma II. 1.20]. 



□ 



Remark 4.2. Every commutative diagram of morphisms of DGLAs 




induces a morphism tp' of complexes 

q M 3 (l,n,m) ^ (a'(l),a"(n),a(m)) E & M 
and a natural transformation F of the associated deformation functors, i.e., 



F : Def 



(M 



Def 



(»?>^) 



Proposition 4.3. Tjf </?' : ^ — > CL > is a quasi-isomorphism of com- 



plexes, then F : Def^g) — > Def^^) is an isomorphism of functors. 
Proof. See p21 Theorem III.1.23]. 
Proposition 4.4. Let 

L 

h 



□ 
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be a commutative diagram of differential graded Lie algebras. If the functor 
Def^^) is smooth, then the obstruction space of Def(^ )ff ) is contained in the 
kernel of the map 

Proof. The natural transformation F : Def/^ ^ — > Def^ ^) induces a lin- 
ear map between the obstruction spaces. If Def^ ^) is smooth, then its 
obstruction space is zero. 

□ 

By a suitable choice of the morphisms h and g, we can study the infini- 
tesimal deformations of holomorphic maps. 

Indeed, let / : X — > Y be a holomorphic map, Z = X x Y and T C Z 
the graph of /. Let 

F : X — >T CZ := X xY, 

x ' — ► (x,f(x)), 

and p : Z — > X and q : Z — > Y be the natural projections. 
Then, we have the following commutative diagram: 




In particular, F* o p* = id and F* o q* = f*. Since @z = P*@x © q*@Y, it 
follows that F*(Q Z ) = O x © /*9y. Define the morphism 7 : 6 Z — ► /*6y 
as the product 

7: e z Ae^erey re y; 

moreover, let 7r be the following surjective morphism: 

4*(e z )^^*(re y )^o, 

vr(o;n) = F*(w) 7 («), V w G u G G z . 

Since each it 6 Z can be written as u = p*v\ + q*V2, for some v\ G &x and 
V2 G Oy, we also have 

7T(0J U )=F*(u)(Mv 1 )-r(v 2 )). 

The algebra j4^*(O z ) is the Kodaira-Spencer (differential graded Lie) al- 
gebra of Z and we denote by A°^*(Qz{— logT)) its differential graded Lie 
subalgebra defined by the following exact sequence 

(1) — ► A°/(@ z (-logT)) — > A°/(@ z ) ^ A°/(re Y ) — ► 0. 

The DGLA ^4^*(O z ) controls the infinitesimal deformations of Z and 
j4^*(0 z (— Zo<? r)) controls the infinitesimal deformations of the pair T C 
Z, i.e., each solution of the Maurer-Cartan equation in A ^* (@z(— log T)) 
defines a deformation of both T and Z |18] , 
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Consider the morphism of DGLAs g = (p* ,q*) : A X *(9 X ) * Ay* (0y ) — y 
A°z*(@z)- The solutions n = (ni^n?) of the Maurer-Cartan equation in 
N = A° X *(Q X ) x A y *(@y) correspond to infinitesimal deformations of both 
X (induced by n\) and Y (induced by 712). Moreover, the image g(ri) satisfies 
the Maurer-Cartan equation in M = A°^*(@z) an d so it is associated with an 
infinitesimal deformation of Z, that is exactly the one obtained as product 
of the deformations of X (induced by m) and of Y (induced by 112). 

Next, fix M = A°/(e z ), L = A°/(G z (-logT)), h the inclusion L^M, 
N = A°£(e x ) x A Y *(G Y ) and g = (p*,q*) : N — > M, i.e., 

(2) A°/(Q z (-logT)) 

p 

h 

A° x *(@ x ) X A°/(@ Y ) ^ A°/(S Z ). 

If Def (/) is the functor of the infinitesimal deformations of the map /, then 
the following theorem holds. 

Theorem 4.5. Let f : X — > Y be a holomorphic map of compact complex 
manifold. Then, with the notation above, there exists an isomorphism of 
functors 

Def (M - Def(/). 

Proof. See \12\ Theorem IV. 2. 5] or [13} Theorem 5.11]. □ 

Furthermore, for each choice of the pair (h, g), there exist a DGLA H(h,g) 
and an isomorphism DefH (h . — Def( ftff ) [TBI Corollary 6.18]. In particu- 
lar, there exists an explicit description of a DGLA H(h,g) that controls the 
infinitesimal deformations of /, i.e., Def(/) = Def^(^ s ) |13[ Theorem 6.19]. 

In general, it is not easy to handle the DGLA Htfi,g) anc ^ so ^ is convenient 
to use the functor Def^ ^), associated with the previous diagram ([2]). 

Indeed, for example, if we want to study the infinitesimal deformations of 
/ with fixed domain, it suffices to take ./V = Ay*(Qy)- 

Analogously, in the case of deformations of a map / with fixed codomain 
Y, the DGLA N reduces to A° x *(@x) and so diagram reduces to 



L 




A x *(pe Y ), 

where /* is the product nop*. 

Using this diagram and Theorem 14.51 we can easily prove the following 
proposition due to E. Horikawa |llj . 

Proposition 4.6. The tangent space to the infinitesimal deformations of a 
holomorphic map f : X — > Y, with fixed codomain Y, is H l (C'^) and the 
obstruction space is naturally contained in H 2 (C'^). 
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Proof. Theorem 14.51 implies that the infinitesimal deformation functor of /, 
with Y fixed, is isomorphic to DefV^p*). Therefore, the tangent space is 
H \P'(h p*)) ano - the obstruction space is naturally contained in H 2 {C'^ hp ^). 
Since h is injective, we have isomorphisms H 1 [C', h p »\) = H 1 (C wop *) = 
H^CjJ, for each i. □ 

Our main theorem improves this result in the case of Kahler manifolds. 
To prove it, we need some preliminary lemmas. 

Lemma 4.7. Let f : X — > Y be a holomorphic map of complex compact 
manifolds. Let x G A y *(@y) and n G A x *(@x) such that f*x = f*V G 
A x *(f*&y)- Then, for any to G Ay* 

f*(X->u) = V^f*^. 

Proof. See |12[ Lemma II.6.1]. It follows from an easy calculation in local 
holomorphic coordinates. □ 

Let / : X — > Y be a holomorphic map, Z = X x Y and T C Z the graph 
of/. 

Lemma 4.8. If X and Y are compact Kahler manifolds, then the sub- 
complexes Im(d) = dAz, OAy, dAz D q* Ay and dAz Hp* Ax are acyclic. 

Proof. See [121 Lemma II. 2. 2]. It follows from the dd-hemma. □ 

Remark 4.9. In the previous lemma, the Kahler hypothesis on X and 
Y can be substituted by the validity of the dd- lemma in Ax, Ay, Az = 
AxxY and A-p. In particular, it holds for every compact complex manifolds 
bimeromorphic to a Kahler manifolds Corollary 5.23]. 

Let W be a manifold and A^(Qy/) its Kodaira-Spencer algebra. Then, 

we define the contraction map % as follows: 

,o.* 
Mr 



i : A%*(G W ) — ► Bom*(A w ,A w ), 



i a {oj) = fljw, V a G A^(Q\y) and u G A^. 

Therefore, 1^(6^)) C ® h ,i Hom°(^, A^' l+j ) C Yk>vtJ~ l {A w ,A w ). 

In order to interpret i as a morphism of DGLAs, the key idea, due to 
M. Manetti [181 Section 8], is to substitute Hom*(Ajy , Ay/) with the differen- 

Ay/ \ m / A w \ 

Consider on Htp ( ker(d), ^ ) the following differential 5 and bracket 



tial graded vector space Htp ( ker(<9), 7— p— ) = ©j Horn* 1 ( ker(<9), ^ ) . 

Consic 
{, }: 



S(f) = -df-(-l) de ^fd, 
{f,g} = fdg-(-l) de ^ de ^gdf. 
A w \ 



Lemma 4.10. Htp ( ker(<9), — \ is a DGLA and the linear map 



i : A%\T W ) — > Htp (kBr(0), ^) 
is a morphism of DGLAs. 
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Proof. See [18j Proposition 8.1]. 

□ 

Remark 4.11. For any pair of graded vector spaces V and W, there exists 
an isomorphism JEP(Htp(V, W)) ^ HtpX-EPfV), fr*(W))), for each i. 

Next, we apply this construction to Z = X xY. 
Let r be the graph of / in Z and /p C Az the space of the differential forms 
vanishing on T. The DGLA L = A°^*(Qz(—logT)) defined in ([T]) satisfies 
the following property 

L c {a e A°f*(e z )| io(/r) c Ir}. 

Furthermore, 

p*A<¥(e x ) C {a e A°f*(6 z )| ia(gM y ) = 0}, 

where p and a are the projections of Z onto X and Y, respectively. 

In conclusion, we can define the following commutative diagram of mor- 
phisms of DGLAs 



(3) 



L 



K={femv (ker(a), ^L) I f(l r n ker(3)) C j-^-} 



A°/(G Z ) 



Htp ^ker(d) 



A z \ 
dA z 



J = [/ G Htp (ker(d), ^g-J | /(ker(d) n ?M y ) = o| , 



where the horizontal maps are all given by i. 

We note that diagram (J3j) induces a natural transformation of deformation 
functors: 

X : Def( h)P ») — > D ef(r,^) • 

Lemma 4.12. If the differential graded vector spaces (dAz, d), (dA-p, d) and 
(dAz fl g*Ay,<9) are acyclic, then the functor Def^^) /ias no obstructions. 
In particular, the obstruction space o/Def(/j p *) is naturally contained in the 
kernel of the map 

H2 ( C (h, P *)) h2 (, C ( v ,»))- 

Proof. This lemma is an extension of |18t Lemma 8.2]. 

The projection ker(<9) — > ker(d)/dAz induces a commutative diagram 
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(4) 



K 



H.p(ker (a) ,^) 



J 



{/ G #|/(dA z ) = 0} 



Htp 



ker(d) A z 



3A Z ' 5A Z 



— {/ G J|/(^z) = 0}. 

Since cL4 z is acyclic, /3 is a quasi-isomorphism of DGLAs. Since 
coker(a) = {/ G Htp (oA z , ^) |/(/ r n dA z ) C j^^h 
there exists an exact sequence 

- Htp Gr^v is) coker(Q) ^ Htp (' r n 9 ^ T^fe 

Moreover, the exact sequence 

— > I r n A z 
dA z 



0. 



implies that Ir H and 



I r n dA z 



8A Z —>dA r — ► 
= cL4r are acyclic. Thus, the complexes 



Ht P ( t TTtTA ' I and Ht P ( J r n 8A Z , ) are acyclic and the 

\ J r n <9A Z &4 Z y v J r n 9^ j 

same holds for coker(a), i.e., a is a quasi-isomorphism. 
As to 7, we have 

coker(7) = 
A z \ 



{/ G Htp I dA z , 
Htp 



dAz) 
dA z 



f(dA z n q*A Y ) = 0} 



dA z nq* A Y ' dA z J ' 
By hypothesis, dAz n g*Ay and cMz are acyclic and so the same holds for 

— — - — . Then, coker(7) is acyclic, i.e., 7 is also a quasi-isomorphism. 

dAz Pi q*Ay 

Therefore, by Lemma 14. 3\ there exists an isomorphism of deformation 



functors Def 



(»?>a0 



Def 



We note that the elements of the three al- 



gebras of the right column of (jH) vanish on dAz- Then, by the definition 
of the bracket { , }, these algebras are abelian and so, by Lemma 14.14 the 
functor Def 



Def/jj/^/) has no obstructions. 



Therefore, by Proposition 14.41 the obstruction space of Def ^p*) lies in the 



kernel of H 2 (C, 



□ 



Theorem 4.13. Let f : X — > Y be a holomorphic map of compact Kahler 
manifolds. Then, the obstruction space to the infinitesimal deformations of 
f with fixed codomain is contained in the kernel of the following map 

A H l (Htp(/ r n ker(d) n q*A Y ,A v )) . 



f* 
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Proof. By Lemma ETSl the complexes (dA z ,d), {dA r , d) and (dA z Piq*A Y , d) 
are acyclic. Then, Lemma [4.121 implies that the obstruction space lies in the 
kernel of the following map 

H2 ( C (h,p*)) ^ H2 ( C ( V ,/i))- 

Since h is injective, as in Proposition WM we have H 2 (C {Kpt) ) ^ H 2 (C f J. 
Thus, the obstructions lie in the kernel of 1 : H 2 (CjJ — > H 2 (C'^ ^). 
As to H 2 (C, consider if as in Equation ([3]), i.e., 

K = {/ e Htp (ker( 8 ), i£) | /(/ r n MS)) C ^ 
and the exact sequence 

— ► K Htp f ker(9), ^> cokerfa) — »■ 0, 

with cokerfa) = Htpfl r nker(d), A\ Then, ^ 2 (C ( ^ } ) - H 2 (C.„,J. 
Let J be as in Q, i.e., 

J = {/ £ Htp fker(d), | /(ker(d) D gMy) = o| ; 



thus, 

vr' o/i : J — >• Htp ( Pi kcriP). 

with 



coker(7r' o fj,) = Htp(/ r fl ker(<9) n q*A Y 



dArJ ' 



dA T r 

Consider the map I' : H 2 {C^, OIjL ) — > i7 1 (coker(vr' o fj,)) = if 1 (Htp(/ r n 
At 

ker(9) n q*A Y , )). Since the complex dA? is acyclic, the projection 
oAy 

Htp(J r n ker(<9) n q*A Y , -^-) — ► Htp(J r n ker(<9) n q*A Y ,A T ) 

oAy 

is a quasi-isomorphism. 

Therefore, the obstruction space is contained in the kernel of J : H 2 (C'^ ) - 
^(Htp^rHker^) nq*A Y ,A r )), i.e., 

H 2 (C f J _^H^(C;, QM ) ^ ii 1 (Htp(/ r n ker(d) n g*A y , A-)) 



J" 



Si Hom(P(/ r n ker(d) ngMy),fP(A r )). 

□ 

Corollary 4.14. Xei / : X — > Y be a holomorphic map of compact Kahler 
manifolds. Let p = dimY — dimX . Then, the obstruction space to the 
infinitesimal deformations of f with fixed Y is contained in the kernel of the 
map 



a : H 2 (C' f J — >- H p+1 (Y,n^~ U 



SEMIREGULARITY MAP 
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Proof. Let n = dimX, p = dimY — dimX and ri be the space of harmonic 
forms on Y of type (n + l,n — 1). Using the contraction with the forms 
lo G ri, we define the semiregularity map a as in Section [3j Since f*u = 0, 
Lemma 14. 71 implies that the diagram 

a°x {f*e Y ) A n / +n ^ 

^*(©x) -0 

is commutative and we get the semiregularity map 

a : H 2 (C f J — > flf+^fi* -1 ). 

Since is contained in Ir H ker 5 n ker d n g*j4y , we conclude the proof 
applying Theorem 14.131 

□ 

Remark 4.15. As we already noticed in Remark 14.91 the previous corol- 
lary holds if the compact complex manifolds are bimeromorphic to Kahler 
manifolds. 
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